"every even natural number N from some point onward can be expressed as the sum of two primes." [9, p. 1] One charm of the integers is that easily stated problems, which often sound simple, are often very difficult and sometimes even hopeless given the state of our current knowledge. For instance, in a 1912 lecture at an international mathematical congress, Edmund Landau mentioned four old conjectures that appeared hopeless at that time:
• Every even number greater than two is the sum of two primes.
• Between any consecutive squares there is a prime number.
• There are infinitely many twin primes.
• There are infinitely many primes of the form n 2 + 1.
Today, his statement could be reiterated. During the more than 80 years that have passed, much intensive research has been conducted on all of these conjectures, and we now know that every large enough odd number is the sum of three primes, and every even number can be written as the sum of a prime and a number that is divisible by at most two different primes; there are infinitely many consecutive odd integers for which one is a prime and the other has at most two prime divisors; for infinitely many n, there is a prime between n 2 and n 2 +n 1.1 ; for infinitely many n, n 2 +1 has at most two distinct prime divisors. Unfortunately, the methods used to achieve these rather deep results cannot be generalized to prove the more general conjectures, and given the state of mathematics today, the resolution of these conjectures can still be called hopeless. [7, pp. v, vi] The conjecture that n 2 + 1 is prime for infinitely many integers n is sometimes called Landau's conjecture, since he discussed it in his address to the 1912 International Congress as one of the particularly challenging unsolved problems about prime numbers (the other three being the Goldbach conjecture, the infinitude of twin primes, and the existence of a prime between any two consecutive squares), cf. Proc., Fifth Int. Cong, of Math., vol. 1, Cambridge, 1913, pp. 93-108, particularly p. 106; also in [14] , vol. 5, pp. 240-255, particularly p. 253, and in Jahresber. Deutsch. Math. Verein., vol. 21 (1912), pp. 208-228, particularly p. 224. While these four problems remain unsolved as stated, interesting partial results have been obtained for each of them. The nearest approach to Landau's conjecture to date is H. Iwaniec's result ( [11] ): that there are infinitely many integers n such that n 2 + 1 is the product of at most two primes. [2, p. 337] Although there is an infinitude of primes, their distribution within the positive integers is most mystifying. Repeatedly in their distribution we find hints or, as it were, shadows of a pattern; yet an actual pattern amenable to precise description remains elusive. The difference between consecutive primes can be small, as with the pairs 11 and 13, 17 and 19, or for that matter 1,000,000,000,061 and 1,000,000,000,063. At the same time there exist arbitrarily long intervals in the sequence of integers that are totally devoid of any primes.
Consecutive primes cannot only be close together, but also can be far apart; that is, arbitrarily large gaps can occur between consecutive primes. Stated precisely: Given any positive integer n, there exist n consecutive integers, all of which are composite. To prove this, we simply need to consider the integers (n + 1)! + 2, (n + 1)! + 3, . . . , (n + 1)! + (n + 1)
For instance, if a sequence of four consecutive composite integers is desired, then the previous argument produces 122, 123, 124, and 125. Of course, we can find other sets of four consecutive composites, such as 24, 25, 26, 27 or 32, 33, 34, 35.
As this example suggests, our procedure for constructing gaps between two consecutive primes gives a gross overestimate of where they occur among the integers. The first occurrences of prime gaps of specific lengths, where all the intervening integers are composite, have been the subject of computer searches. For instance, there is a gap of length 778 (that is, p n+1 − p n = 778) following the prime 42,842,283,925,351. No gap of this size exists between two smaller primes. The largest effectively calculated gap between consecutive prime numbers has length 1132, with a string of 1131 composites immediately after the prime 1,693,182,318,746,371. Interestingly, computer researchers have not identified gaps of every possible width up to 1132. The smallest missing gap size is 796. The conjecture is that there is a prime gap (a string of 2k-1 consecutive composites between two primes) for every even integer 2k.
This brings us to another unsolved problem concerning the primes, the Goldbach conjecture. In a letter to Leonhard Euler in the year 1742, Chris-tian Goldbach hazarded the guess that every even integer is the sum of two numbers that are either primes or 1. A somewhat more general formulation is that every even integer greater than 4 can be written as a sum of two odd prime numbers. This is easy to confirm for the first few even integers: 2=1+1 4=2+2=1+3 6=3+3=1+5 8=3+5=1+7 10 = 3 + 7 = 5 + 5 12 = 5 + 7= 1 + 11 14 = 3 + 11 =7 + 7= 1 + 13 16 = 3 + 13 = 5 + 11 18 = 5 + 13 = 7 + 11 = 1 + 17 20 = 3 + 17 = 7 + 13 = 1 + 19 22 = 3 + 19 = 5 + 17= 11 + 11 24 = 5 + 19 = 7+17= 11 + 13 = 1+23 26 = 3 + 23 = 7+19= 13 + 13 28 = 5 + 23 = 11 + 17 30 = 7 + 23 = 11 + 19= 13 + 17= 1+29 Although it seems that Euler never tried to prove the result, upon writing to Goldbach at a later date, Euler countered with a conjecture of his own: Any even integer (≥ 6) of the form 4n + 2 is a sum of two numbers each being either a prime of the form 4n + 1 or 1.
The numerical data suggesting the truth of Goldbach's conjecture are overwhelming. It has been verified by computers for all even integers less than 4 · 10 14 . [4, pp. 50, 51] As the integers become larger, the number of different ways in which 2n can be expressed as the sum of two primes increases. For example, there are 219,400 such representations for the even integer 100,000,000. Although this supports the feeling that Goldbach was correct in his conjecture, it is far from a mathematical proof, and all attempts to obtain a proof have been completely unsuccessful. One of the most famous number theorists of the last century, G. H. Hardy, in his address to the Mathematical Society of Copenhagen in 1921, stated that the Goldbach conjecture appeared "... probably as difficult as any of the unsolved problems in mathematics. " We remark that if the conjecture of Goldbach is true, then each odd number larger than 7 must be the sum of three odd primes. To see this, take n to be an odd integer greater than 7, so that n-3 is even and greater than 4; if n-3 could be expressed as the sum of two odd primes, then n would be the sum of three.
The first real progress on the conjecture in nearly 200 years was made by Hardy and Littlewood in 1922. On the basis of a certain unproved hypothesis, the so-called generalized Riemann hypothesis, they showed that every sufficiently large odd number is the sum of three odd primes. In 1937, the Russian mathematician I. M. Vinogradov was able to remove the dependence on the generalized Riemann hypothesis, thereby giving an unconditional proof of this result; that is to say, he established that all odd integers greater than some effectively computable n 0 can be written as the sum of three odd primes. n = p1 + p2 + P3 (n odd, n sufficiently large) Vinogradov was unable to decide how large n 0 should be, but Borozdkin (1956) proved that n 0 < 3 3 15 . In 2002, the bound on n 0 was reduced to 10 1346 . It follows immediately that every even integer from some point on is the sum of either two or four primes. Thus, it is enough to answer the question for every odd integer n in the range 9 ≤ n ≤ n 0 , which, for a given integer, becomes a matter of tedious computation (unfortunately, n 0 is so large that this exceeds the capabilities of the most modern electronic computers).
Because of the strong evidence in favor of the famous Goldbach conjecture, we readily become convinced that it is true. Nevertheless, it might be false. Vinogradov showed that if A(x) is the number of even integers n ≤ x that are not the sum of two primes, then
This allows us to say that "almost all" even integers satisfy the conjecture. As Edmund Landau so aptly put it, "The Goldbach conjecture is false for at most 0% of all even integers; this at most 0% does not exclude, of course, the possibility that there are infinitely many exceptions." [4, p. 52] Goldbach problem Every sufficiently large even number 2n is the sum of two primes. The asymptotic formula for the number of representations is
Recall that (p, p + 2) is a twin prime pair (or p, p + 2 are twin primes) if p and p + 2 are both prime. Although the existence of such primes would have been easily understood by the ancient Greeks, there is no evidence that they were considered by them, or indeed by any mathematician, until the nineteenth century. The first mention of twin primes in the literature appears in de Polignac's paper of 1849, in which he speculates about the distribution of primes. [12, p. 7] There is only one pair of prime numbers that differ by 1-namely, the primes 2 and 3-since all of the succeeding primes are odd. No matter how far out we go in a (Incidentally, each of these pairs, aside from the second, begins with a number greater than the second number of the preceding pair; this is because one of the numbers n, n+2, and n+4 is always divisible by 3, so that if these are all to be primes, we must have n=3.)
The question now arises whether there are infinitely many "prime pairs," that is, whether there are infinitely many numbers n for which n and n+2 are prime. The methods of number theory and of analysis have, to this day, not proven powerful enough to answer this question. (One would certainly place one's bet on a yes answer.) [13, p. 94] 
Sieve Methods
Sieve theory has been used in attempts to prove that there exists infinitely many twin primes. Many authors have worked with this method. [18, p. 264] The theory of sieves has become an important and sophisticated tool in the theory of numbers during the past 52 years. Many important and deep results have been proved related to such unanswered questions as the Twin Primes Problem and Goldbach's Conjecture. For the most part sieves have been employed in problems concerning primes. [1] Any arithmetical sieve (in our sense of the word) is based on the following idea: given a finite integer sequence A, a sequence B of primes, and a number z(≥ 2), if we remove (sift out) from A all those elements that are divisible by primes of B less than z, then the residual (unsifted) members of A can have prime divisors from B only if these are large (in the sense of being ≥ z); a fortiori, each unsifted element of A has only few such prime divisors (provided that z is not too small compared with max a∈A |a|). The object of any sieve theory is to estimate the number S(A; B, z) of unsifted elements of A or of some weighted form of this number.
There are many arithmetical investigations in which it suffices to have a good upper bound for this numberthe famous Brun-Titchmarsh inequality is a classic example. Other investigations require an asymptotic formula for S(A; B, z), but in general this is an extremely difficult if not hopeless problem.
The first to devise an effective sieve method that goes substantially beyond the sieve of Eratosthenes was Viggo Brun. Brun's sieve is heavily combinatorial in character (most sieves share this property, at any rate to some degree); its complicated structure and Brun's own early accounts tended to discourage closer study and it is fair to say that only a small number of experts ever mastered its technique or realized its full potential. Hardy and Littlewood used Brun's sieve only once, to derive an early version of the Brun-Titchmarsh inequality; and Hardy expressed the opinion that Brun's sieve did not seem "..., sufficiently powerful or sufficiently profound to lead to a solution [of Goldbach's Problem]".
Selberg published an account of his upper bound sieve in a short paper in 1947; and subsequently he indicated its place in the construction of lower bound sieves in several important expository articles, without actually ever publishing any details. [9, p. 5, 6] However extensive a table of primes, prime twins or prime triplets 1 may be, we cannot infer from such a table that there exist infinitely many terms in any one of these three sequences, however plausible each proposition might seem from the frequent occurrence of primes, twins or triplets in the table itself. The foregoing remarks indicate that, while the sieve of Eratosthenes is a useful method from a numerical point of view, it does not automatically yield also theoretical information.
It is clear how we might hope to gain such theoretical information from the sieve: if we sift the integer sequence A (for example, think of A as one of the sequences mentioned above) by the set of primes, B, we might be able to devise a means of estimating the number of elements of A surviving the sifting procedure; thus an upper bound for this number would show that there cannot be too many primes (or prime twins, or prime triplets)information that is often useful in arithmetical investigationsor, better still, a positive lower bound (as z → ∞) would show that there exist infinitely many primes (a fact easily proved in other ways), or infinitely many prime twins (one of the notorious unsolved problems of prime number theory).
What we require, therefore, is a theoretical analogue of the Eratosthenes sieve. Evidently certain important questions in prime number theory can be formulated in terms of sifting a certain type of sequence A by a set B of primes -the reader should have no difficulty now in expressing Goldbach's problem, or the problem of the infinitude of primes of the form n 2 + 1, as a sieve problem -and their answer depends on gaining significant information about the number of elements of A surviving the sifting procedure. Indeed, there are many such questions; moreover, for many of these a sieve approach appears to offer the most promising, and sometimes the only, mode of attack. The construction of a theoretical sieve is therefore of great interest, and such interest is heightened by the fact that the construction is, beyond a certain stage of effectiveness, exceedingly difficult. The modern sieve is, as yet, an imperfect method, and one may doubt whether it alone will ever succeed in settling difficult questions such as the Goldbach and prime twins conjectures. It is noticed that even now deep results from prime number theory can be harnessed effectively to existing sieve methods; on the other band, the very generality of a sophisticated sieve theorem tends to militate against its success in a specific problem. [9, p. 13] Brun attributes the term "prime twins" to Stäckel, who carried out some numerical calculations in connection with this and related problems. There are 1224 prime twins below 100,000 (Glaisher, Mess. Math. 8 
Brun's Constant
The first decades of the twentieth century saw the establishment of major conjectures and theorems that today underlie our understanding of twin primes, along with a significant extension of the computation and enumeration of these numbers. Most important among these was the work of Brun, who provided the first non-trivial bound on twin primes, and the establishment of the conjecture of Hardy and Littlewood, given in their groundbreaking paper in 1923.
In 1919, Brun adapted and improved earlier work of J. Merlin(Sur quelque théorèmes d'arithmétique et unénoncé qui les contient. Comptes Rendus Acad. Sci. Paris, 153 (1911), pp. 516-518.) on the sieve of Eratosthenes to find the first non-trivial result concerning twin primes. Brun showed that
In fact, Brun obtained an effective version of this bound. In particular, he showed that for some x 0 and all x > x 0 ,
Brun immediately followed this work with the announcement of a stronger bound(Le 3 (1920) ). Bruns work was particularly important since even his first result above implied that the sum of the reciprocals of the twin primes converges. Ever since Bruns work, there has been a steady improvement in our knowledge of the function π 2 (x). Most of this work has taken the form of effective and ineffective arguments which seek to improve upon Brun. A word of explanation about this description is warranted:
• A bound with numerical constants is explicit if it holds at a certain given point; e.g.,
• A bound is effective if it holds starting at a given point, and if both the starting point and possibly the implied constants in the bound could be calculated in principle using the methods of the proof of the theorem.
• A bound is ineffective if we don't know, even in principle, how to make it effective.
Because the conjectured asymptotic value of π 2 (x) is 2αli 2 (x), we usually express bounds as multiples of this value. That is, researchers seek the smallest c such that π 2 (x) can be shown to be bounded by c.2α.li 2 (x) for sufficiently large x. Brun himself obtained c = 100/(2α) ≈ 75.7. Progress in obtaining ever-smaller values of c can be seen in the following table, some of which was taken from Narkiewicz. [12, pp. 13, 14] Each of these bounds holds for sufficiently large x, but for none of them has the starting point been made explicit. Explicit bounds are much harder to come by. In fact, we know of only one explicit bound on π 2 (x). This was given by Riesel and Vaughan as π 2 (x) < 16αx (7.5 + log x) log x , x > e 42 Leaving only the primes fails to force convergence. If we pursue this thread, the most natural next step is to leave only the twin primes, that is, consecutive pairs of primes; it is customary (but not universal) to ignore 2 for this purpose and to count 5 twice, so the pairs are (3,5), (5,7), (11, 13) It appears that there is a bug in the floating point unit (numeric coprocessor) of many, and perhaps all, Pentium processors. In short, the Pentium FPU is returning erroneous values for certain division operations. For example, 1/824,633,702,441.0 is calculated incorrectly (all digits beyond the eighth significant digit are in error). . .
On 17 January 1995 Intel announced a pre-tax charge of §475 million against earnings, as the total cost associated with the replacement of the flawed chips. Incidentally, it would have been very convenient had the series diverged, as that would have meant that there is an infinite number of twin primes and so resolved the Twin Primes Conjecture. ( 5 is the only candidate for repetition by reasoning that any prime greater than 3 must be of the form 6n ± 1, any pair of twin primes must be 6n -1 and 6n + 1 and therefore that a consecutive sequence of three is impossible beyond 3,5,7.) [10, Brent(1975 Brent( , 1976 , Nicely(1995 Nicely( , 2001 ), Sebah, and others successively improved numerical estimates of B. The most recent calculations give B = 1.9021605831 . . . using large datasets of twin primes and assuming the truth of the extended twin prime conjecture. Let us elaborate on the latter issue. Under Hardy & Littlewood's hypothesis, the raw summation of twin prime reciprocals converges very slowly:
but the following extrapolation helps to accelerate the process    twin p≤n
where C twin = 0.6601618158 . . . is the twin prime constant. Higher order extrapolations exist but do not present practical advantages as yet. In the midst of his computations, Nicely uncovered the infamous Intel Pentium error. [8, p. 133] For every x > 1, let π 2 (x) = #{p ≤ x : p + 2 is also a prime}.
Brun announced in 1919 that there exists an effectively computable integer x 0 such that, if x ≥ x 0 , then
The proof appeared in 1920.
In another paper of 1919, Brun had a weaker estimate for π 2 (x). Based on heuristic considerations about the distribution of twin primes, B has been calculated by Kutrib and Richstein:
Brun also proved that for every m ≥ 1 there exist m successive primes which are not twin primes. [18, p. 261] To begin, in his famous paper of 1920, Brun showed that 2 may be written, in infinitely many ways, in the form 2 = m − n, where m, n are 9-almostprimes 2 . This was soon improved by Rademacher (1924), with 9 replaced by 7.
Later, Rényi showed in 1947 that there exists k ≥ 1 such that 2 may be written in infinitely many ways, in the form 2 = m − p, where p is a prime and m is a k-almost-prime.
The best result to date, with sieve methods, is due to Chen (announced in 1966, published in 1973,1978); he proved that in Rényi's result k may be taken equal to 2; so 2 = m -p, with m be 2-almost-prime and p prime, in infinitely many ways; this is very close to showing that there are infinitely many twin primes. A proof of Chen's theorem is given in the book of Halberstam and Richert. See also the simpler proof given by Ross (1975) .
The sieve methods used for the study of twin primes are also appropriate for the investigation of Goldbach's conjecture.
Addendum on Polignac's Conjecture The general Polignac conjecture can be, in part, treated like the twinprimes conjecture.
For every k ≥ 1 and x > 1, let π 2k (x) denote the number of integers n > 1 such that p n ≤ x and p n+1 − p n = 2k. With Brun's method, it may be shown that there exists a constant C ′ k > 0 such that
Gaps Between Primes
Another result approaching the Twin Prime Conjecture is the recent work of Goldston, Pintz, and Yildirim, showing that lim inf
where here, as through this paper, p n represents the n-th prime. [12, p. 16] A subject that has attracted attention, but concerning which the known results leave much to be desired, is that of the behavior of p n+1 − p n . As regards a universal upper bound for this difference, the first result was found by Hoheisel, who proved that there exists a constant α < 1, such that p n+1 − p n = O(p α n ). The best result so far known is due to Ingham, who showed that this estimate holds for any α greater than 38/61. In both cases, what is actually proved is that
In a crude sense one can say, in view of the prime number theorem, that the average of p n+1 − p n is log p n . Erdős was the first to prove that there are infinitely many n for which p n+1 − p n is appreciably greater than log p n , and Rankin proved that there are infinitely many n for which
where log 2 x = log log x and so on, and c is a positive constant. In the opposite direction, Bombieri and Davenport(1966) proved that there are infinitely many n for which p n+1 − p n < (0.46 · · · ) log p n Of course, if the "prime twins" conjecture is true, there are infinitely many n for which p n+1 − p n = 2. There is a somewhat paradoxical situation in connection with the limit points of the sequence p n+1 − p n log p n Erdős,and Ricci (independently) have shown that the set of limit points has positive Lebesgue measure, and yet no number is known for which it can be asserted that it belongs to the set. [6, pp. 173 
Hardy and Littlewood
A statement equivalent to the Prime Number Theorem is that an integer near x has a 1/ log x "probability" of being prime. If we wish to know the probability that p and p+2 are both prime, where p is near x, we might simply multiply the probability that each is prime individually to get a probability of 1/ log 2 x. We could then "sum" over all primes up to x to conjecture that
There is one crucial flaw with this argument, however, namely that p and p + 2 being prime are not independent events. Consider, for example, that if p > 2 is prime, then p is odd, and therefore p + 2 is also odd, giving it an immediate leg up on being prime. Further, in order to be prime, p + 2 must not be divisible by any odd prime q. A random integer has a (1−1/q) chance of being not divisible by q, but if q ∤ p, then p + 2 must fall into one of (q − 2) out of (q − 1) remaining residue classes in order to be not divisible by q, and therefore we would expect that p + 2 has a (q − 2)/(q − 1) chance of being not divisible by q. If we assume that the primes are randomly distributed, we should then add a correction factor of
for each odd prime to the above approximation. Let us then amend our guess to
where α is called the Twin Prime Constant, and
Conjecture (Hardy and Littlewood). For every integer k > 0 there are infinitely many prime pairs p, p + 2k, and the number π 2k (x) of such pairs less than x is π 2k (x) ∼ 2α
de Polignacs conjecture, of course, concerned consecutive primes which differ by an even number, while Hardy and Littlewoods conjecture concerns any pair of primes which differ by an even number. However, it is not difficult to use the full version of the Hardy-Littlewood conjecture to show that the same asymptotic estimate given in Conjecture above holds for consecutive primes as well.
It is of some interest to note that the work of Hardy and Littlewood implies that π 2 (x) ∼ π 4 (x), and indeed there has been some attention given to the functions π 2k (x) for small values of k. Those counted by π 4 (x) are often referred to as cousin primes. [12, pp. 12, 13] Striking theoretical progress has been achieved toward proving these conjectures(Goldbach's Conjecture and Twin Prime Conjecture), but insurmountable gaps remain. These formulas attempt to answer the following question:
Putting aside the existence issue, what is the distribution of primes satisfying various additional constraints? In essence, one desires asymptotic distributional formulas analogous to that in the Prime Number Theorem.
Extended Twin Prime Conjecture. Table 3 : The estimate of π 2 (x) has been refined by a determination of the constant and of the size of the error. This was done, among others, by Bombieri and Davenport, in 1966. It is an application of sieve methods and its proof may be found, for example, in [9] .
Here is the result:
The constant 8 has been improved to 68/9 + ε by Fouvry and Iwaniec (1983) and further by Bombieri, Friedlander, and Iwaniec (1986) to 7 + ε. S. Lou has told to Ribenboim that he succeeded in obtaining a constant 6.26 + ε, but he has not seen a paper with this result. Actually, it was conjectured by Hardy and Littlewood that the factor should be 2 instead of 8. [18, pp. 261, 262] Properties of π(x) may be proved using the well-known relationship between the distribution of primes and the location of the zeros of the Riemann zeta function. Unfortunately, no similar relationship is known for twin primes, so very little is known about π 2 (x). It is not known whether there are infinitely many twin primes, and much less whether
as x → ∞. However, empirical evidence suggests that this formula is true. [3] 1.6 Computations and Tables   Conjecture (de Polignac) . Every even number is the difference of two consecutive primes in infinitely many ways.
Taking the even number in the conjecture to be 2 immediately gives what we now call the Twin Prime Conjecture.
de Polignacs conjecture seems to have had very little impact when it was published, and it was 30 years before the subject was revisited in the literature. Glaisher inaugurated a project which continues to the present day by enumerating the twin primes up to 10 5 . Glaisher(1878) used published tables of primes to show that π 2 (10 5 ) = 1224. In fact, he was interested in the density of twin primes, or as he called it, "the rapidity of the decrease" of the frequency of twin primes "as we ascend higher in the series of numerals." Glaisher tabulated the number of twin primes in each of the intervals [i · 10 6 , i · 10 6 + 100, 000] for i ∈ {0, 1, 2, 6, 7, 8}, which was as far as his tables extended (why those tables didn't cover the range between 3,000,000 and 6,000,000 is not mentioned). Despite the large amount of data he compiled, Glaisher did not attempt to give an estimate for the density of the twin primes, claiming only that the "number of primepairs. . . [is] rather less than one-tenth of the number of primes in the same intervals."He went on to claim that "there can be little or no doubt that the number of prime-pairs is unlimited" and that"it would be interesting, though probably not easy, to prove this."(!) [12, pp. 8, 9] Lower bounds on π 2 (x):
To this day we had no lower bound on π 2 (x) for large x, except for the finite number of twin primes that have been discovered. This is unsurprising in light of the fact that that we cannot even prove that there are infinitely many twin primes. Perhaps the closest we have come is in the work of Chen and others, who have studied the function
where Ω(n) indicates the total number of prime factors of n, so that, for example, 24 = 2 3 · 3 1 and Ω(24) = 3 + 1 = 4. This function, π 1,2 (x), is said to count the number of twin almost primes. The number of these twin almost primes was proved by Chen to be infinite in 1973. Chen also gave the lower bound
for x sufficiently large. This lower bound has been improved several times since, with the best result known given by Wu(2004) who showed
It is interesting to note that because of this result, it has now been demonstrated that the number of twin almost primes is greater than the conjectured number of twin primes.
Computing π 2 (x). Following the work of Hardy and Littlewood, the story of the attempts to compute π 2 (x) to ever-higher values of x is one of testing a conjecture that everyone believes. Notable among recent calculations are those of Nicely and Sebah. Each successive computation has served to give only greater confirmation for the strong form of the Twin Prime Conjecture. Indeed Sebah's computation up to 10 16 (the current record holder) gives that π 2 (x) = 10, 304, 195, 697, 298 while an estimate using Hardy-Littlewood would leave us to expect that π 2 (x) ≈ 10, 304, 192, 554, 496
The uncanny precision of the strong form of the Twin Prime Conjecture is easily seen, and it now seems all but impossible to believe that this conjecture could be false. [12, p. 17] It is intriguing that both the Extended Twin Prime Conjecture and the Extended Goldbach Conjecture involve the same constant C twin . It is often said that the Goldbach conjecture is "conjugate" to the Twin prime conjecture. [8, p. 85] Theorem (Ramaré. 1995 (Ramaré. ,1996 . Every even integer can be expressed as a sum of six or fewer primes (in other words, Schnirelmann's number is ≤ 6).
Theorem (Chen. 1973). Every sufficiently large even integer can be expressed as a sum of a prime and a positive integer having ≤ 2 prime factors.
In fact, Chen proved the asymptotic inequality
where R n is the number of corresponding representations. Chen also proved that there are infinitely many primes p such that p+2 is an almost prime, a weakening of the twin prime conjecture, and the same coefficient 0.67 appears. [8, Table 4 gives a feeling for the growth of π 2 (x). I reproduce part of the calculations by Brent (1975 Brent ( ,1976 .
The largest exact value for the number of twin primes below a given ("round number") limit is π 2 (1.37 · 10 14 ). The calculation to this bound is due to T.R. Nicely (communicated by letter of October 10, 1995) . On the other hand M. Kutrib and D. Richstein reached independently the bound 10 14 in September, 1995. The results of these calculations agreed completely. These extensive calculations were preceded by -for their time -just as extensive calculations (Table 5) .
There is keen competition to produce the largest pair of twin primes. On October 9, 1995, Dubner discovered the largest known pair of twin primes (with 5129 digits): (p, p + 2) where p = 570918348 · 10 5120 − 1. 
